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Abstract 

We show that any Lie point symmetry of semilinear Kohn-Laplace equations on the 
Heisenberg group H 1 with power nonlinearity is a divergence symmetry if and only if the 
corresponding exponent assumes critical value. 



1 Introduction 



Recently a great renewed and increasing interest in the Heisenberg group has been man- 
ifested from both analysts and geometers. In this regard, in the last few decades partial 
differential equations on the Heisenberg group were studied by various authors using different 
methods. There is a big variety of results among which we shall mention a few. In [6] Garofalo 
and Lanconelli obtained existence, regularity and nonexistence results for semilinear PDEs 
involving Kohn-Laplace operators. General nonexistence results for solutions of differential 
inequalities on the Heisenberg group were established by Pokhozhaev and Veron in [10]. The 
work [7J by Lanconelli is a survey on a series of results concerning critical semilinear equa- 
tions on the Heisenberg group. For further details we direct the interested reader to these 
works and the references therein as well as to the existing internet instruments for search of 
mathematical information. 

In this paper we apply the S. Lie symmetry theory of differential equations (jSJ [9]) to the 
study of a model Kohn-Laplace equation on the Heisenberg group. Namely, we study the 
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variational and divergence symmetries of the following differential equation on the Heisenberg 
group H : 

A H iu + u p = 0, (1) 
where A H i = X 2 + Y 2 is the Kohn-Laplace operator, 

X - — + 2y— 

dx dt 

and 

Y - — - 2x— 
dy " dt 

are the generators of left multiplication in H . In more details, the equation (TjTJ) for u = 

u(x, y,t) : R 3 — > R reads 

u xx + u w + 4(x 2 + y 2 )ut t + <4yu xt - 4xu yt + u p = 0. (2) 

In a previous work [2] we obtained a complete group classification of semilinear Kohn- 
Laplace equations on H . In the case of nonlinearity of power type, the result states that the 
symmetry group of ((TJ for p ^ 0, p ^ 1 consists of translations in t, rotations in the x — y 
plane, right multiplications in the Heisenberg group H 1 and a dilation, generated respectively 
by 

T ® R ® ® X ^ 2 ^ Y ^ + 2 ^ (3) 
9x dy' dx dt' dy dt 

and 

Z-x— — 2t— 2 u 9 (4) 
X dx ^ dy dt l—p U du 

Moreover, if p = 3 the symmetry group can be expanded by the following generators: 

V x = (xt - x 2 y - y 3 )-^- + (yt + x 3 + xy 2 ) jj- + (t 2 - {x 2 + y 2 ?)^ ~ tu^-, (5) 

d d d d 

V 2 = (t- 4xy)— + (3x 2 - y 2 )— - (2yt + 2x 3 + 2xy 2 )— + 2yu— , (6) 
ax ay ar du 

^3 = (x 2 - 3y 2 )— + (i + 4xy)— + (2xt - 2x 2 y - 2y 3 )- - 2xu—. (7) 
dx dy dt du 

The purpose of this paper is to find out which of the above symmetries are variational or 
divergence symmetries. 

We denote by G the five-parameter Lie group of point transformations generated by 
T, R, X, Y and Z. Then our first result can be formulated as follows. 

Theorem 1. The Lie point symmetry group G of the Kohn-Laplace equation ^ is a 
variational symmetry group if and only if p = 3. 

We recall that the homogeneous dimension of the Heisenberg group H n is given by Q = 
2n + 2 and that the critical Sobolev exponent is (Q + 2)/(Q — 2). Hence the Theorem 1 means 
that the dilation Z is a variational symmetry if and only if p equals to the critical exponent. 
Actually, the latter property holds for H n , n > 1, and we shall come back to this point later. 
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Further we show that in the critical case the additional symmetries V\ , V% , V3 are divergence 
symmetries. For this purpose we find explicitly the vector-valued 'potentials' which determine 
Vx,V2 and V3 as divergence symmetries. 

The main result in this paper is the following 

Theorem 2. Any Lie point symmetry of the Kohn-Laplace equation 



is a divergence symmetry. 

As it is well-known, the divergence symmetries determine conservation laws via the Noether 
Theorem [8] . Thus the next steps in this research would be to establish the conservation laws 
corresponding to the already studied variational and divergence symmetries as well as to 
study the invariant solutions of the Kohn-Laplace equations. These problems will be treated 
elsewhere 2] . 

We observe that, by Theorem 2, all Lie point symmetries of the Kohn-Laplace equation (|8|) 
are divergence symmetries. This confirms the validity of the general property, established and 
discussed in [1], stating that the Lie point symmetries of critical quasilinear differential equa- 
tions with power nonlinearities are divergence symmetries. The fact that this property should 
be valid for differential equations on Heisenberg groups was conjectured by Enzo Mitidieri in 
June 2003 [5]. 

This paper is organized as follows. In sections 2 and 3 we prove theorems 1 and 2 respec- 
tively. In section 3 we discuss the generalization of the obtained results to the Heisenberg 
group H n , n > 1. 



2 The variational symmetries 

To begin with, we note that the Kohn-Laplace equation 



A H m + u 3 = 



(8) 



A m u + f{u) = 



(9) 



is the Euler-Lagrange equation for the functional 




where the integration is performed over M 3 , the function of Lagrange is given by 




or, equivalently, 



L = 








f(s)ds, 



(10) 
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and the function u is assumed to satisfy appropriate vanishing conditions as d = (t 2 + (x 2 + 
y 2))i/4^ 00 _ 

Proof of Theorem 1. By the general theory of symmetries of differential equations [8] 
it is enough to show that the generators of G determine variational symmetries. Indeed, by 
the infinitesimal criterion for invariance [8], p. 257, G is a variational symmetry group if and 
only if 

W W L + L(D X ^ + D y ^ + D t r) =0 (11) 

for all (x,y,t,u,u x ,u y ,ut) and every infinitesimal generator 

... . 9 , d d d 
ox oy at ou 

(Recall that is the first order extension of W, see [8].) 

Aiming to verify (jlip for T,R,X ,Y and Z, we first calculate the corresponding first order 
extensions using the formulae for the extended infinitesimals [SJ: 

TW = T, (12) 

Rll) ' R+ ^- u 'h (13) 

X^l = X + 2u t ^-, (14) 

OUy 

=Y-2ih^-, (15) 
ou x 



^ W = Z + - u x - h- u a - h - — . (16) 

1 — p ou x 1 — p OUy 1 — p out 



and 



Then from ©, CED, CE2D, (US]), CHD, (USD we obtain easily that T,R,X,Y satisfy (fTTj) . 
Hence they determine variational symmetries for arbitrary f{u). 

Further, let £ = x, <j) = y,T = 2t, rj = 2u/(l — p) be the infinitesimals of the dilation Z. 
Then the left-hand side of (lllj) with W = Z reads 

d d 2 d 

dx ^ dy dt 1 — p du 



zWL + L(D x £ + D y (t> + D t T) 



1 + p d 1 +p d 2p d 
-Uxt; h z u v - h u t - 



1 — p x du x 1 — p y du v 1 — p dut 



L + AL 



where 



11 1 

L = n U l + n U l + 2 ( x2 + y 2 ) U t + 2yU x U t - 2xU y U t — ~U P+1 . 

2 2 y p + 1 



After a differentiation and simplifying we obtain 

Z^L + L{D x i + D y (f> + D t T) = 

^—^{u 2 x + ul + 4(x 2 + y 2 )u 2 + 2yu x u t - 2xu y u t ) + 2{ \~ P } u p+1 . 
1 — p y p A — 1 

Hence Z is a variational symmetry if and only if p = 3, which completes the proof of Theorem 
1. 
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3 The divergence symmetries 



In this section we prove Theorem 2. 

Recall that a point transformation with infinitesimal generator 

dx dy dt T> ' du 

is a divergence symmetry for J L if and only if there exists a vector function (p = (ipx, ^2^3) 
of u and its derivatives up to some finite order such that 

W^L + L(D X £ + D y <t> + D t r) = Div (cp). (17) 

Since the variational symmetries are divergence symmetries with 99 = 0, by Theorem 1 it is 
enough to prove that Vx, V2, V3 are divergence symmetries. For this purpose we shall find the 
corresponding 'potentials' <p. 
For the symmetry V\ we have 

£ = xt — x 2 y — y 3 , <ft = yt + x 3 + xy 2 , 

T = t 2 - (x 2 + y 2 ) 2 , T] = -tU. 
We calculate the first order extension of V% : 

Vl ~ Vl + r] * dUx +r] y dUy +11t dut' 

where the extended infinitesimals are given by 

77W = 2(xy - t)u x - (3x 2 + y 2 )u y + 4x(x 2 + y 2 )u t , 

rf y l) = (x 2 + 3y 2 )u x - 2{t + xy)u y + 4y(x 2 + y 2 )u u 

r]l = —u — xu x — yu y — 3tut- 
Then, after some tedious work, we obtain 

V} 1] L + L(D x t + D y <j> + At) = 2xuu y - 2yuu x - \{x 2 + y 2 )u t . (18) 
Thus Vi is not a variational symmetry. Let 

Ax = -yu 2 , A 2 = xu 2 , A 3 = -2(x 2 + y 2 )u 2 . (19) 
Then from JTH]) and (HH 

vj^L + L(D x t; + D y 4> + At) = Div(A), 

where A = (A\, A2, A3). Hence V% is a divergence symmetry. 

Analogously, for the symmetries V2 and V3, after another tedious work, we obtain 

V 2 {1) L + L(D X £ + D y( j) + At) = 2uu y - Axuu t (20) 
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and 

y 3 (1) L + L(D X £ + D y <f> + D t r) = -2uu x - Ayuu t . (21) 

Now we denote 

B = {0,u 2 ,-2xu 2 ) (22) 

and 

C=(-u 2 ,0,-2yu 2 ). (23) 

Then by ([20]) - ([23]) we see that V2 and V3 satisfy (|17p with B and C, respectively, in the place 
of (p. Thus V2 and V3 are divergence symmetries. 



4 On the generalization to H n , n > 1 



In this section we comment briefly on the generalization of our approach to the Heisenberg 
group H n , n > 1. 

First we observe that the Kohn-Laplace equation 



A HnU + f(u) = 0, 

or equivalently 

u XiXi + u ym + A(x 2 + y 2 )u tt + 4:yiU Xit - <±XiUy it + f(u) = 
is the Euler-Lagrange equation of the functional 

J[u] = J L, 

with 

L= l -(X t u) 2 + ] i {Y t u) 2 - J U f(s)ds 
11 f u 

= 2 u x* + 2 u y' + 2 ^* 2 + y ^ u * + 2yiUx * Ut ~ 2x i u vi u t ~ y o f( s ) ds > 



(24) 



where X; 



2xijjr and a summation over i = 1,2, ...n is assumed. 



Using the definition of Lie point symmetry of a differential equation, one can show that 
the scaling transformation 



' X J 


= Xxj , 




= tyj, 


t* 


= A 2 t, 


u* 

V 


2 



is admitted by the equation 



Atfn1t + u v = 0. 



(25) 



Then performing this change of variables in the functional J it is easy to see that the 
dilation 

d d d 2 d 

z = — h yi^~ + 2t ^: + 1 — 

oxi oyi at 1 — p ou 
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is a variational symmetry if and only if 

_ n + 2 _ Q + 2 
P ~ n ~ Q-2' 

Thus the equation (|25p admits a variational symmetry group containing Z if and only if p 
assumes the critical value. 

In conclusion, we note that the complete group classification of the Kohn-Laplace equations 
(|24p is available only for n = 1 ((2]). We conjecture that in the critical case the symmetry 
group of ([25]) can be expanded and, in addition, that all Lie point symmetries in this case are 
divergence symmetries. 



Acknowledgements 

We express our deep gratitude to Professor Enzo Mitidieri for useful discussions and en- 
couragement. Y. Bozhkov would also like to thank FAPESP and CNPq, Brasil, for financial 
support. I. L. Freire is grateful to CAPES, Brasil, for financial support. 



References 

[1] Bozhkov, Y. 2005 Noether symmetries and critical exponents, SIGMA Symmetry Inte- 
grability Geom. Methods Appl. 1, Paper 022, 12 pp. (electronic). 

[2] Bozhkov, Y. & Freire, I. L. 2006 Group classification of semilinear Kohn-Laplace 
equations, Quaderni Matematici, n. 570, Universita di Trieste, submitted. 

[3] Bozhkov, Y. & Freire, I. L. 2007 Conservation laws for critical semilinear Kohn- 
Laplace equations on the Heisenberg group - in preparation. 

[4] Bozhkov, Y. & Freire, I. L. 2007 Invariant solutions of Kohn-Laplace equations on 
the Heisenberg group - in preparation. 

[5] Mitidieri, E. June 2003 Private communication. 

[6] Garofalo, N. & Lanconelli, E. 1992 Existence and nonexistence results for semilin- 
ear equations on the Heisenberg group. Indiana Univ. Math. J. 41, 71-98. 

[7] Lanconelli, E. 2000 Critical semilinear equations on the Heisenberg group, Workshop 
on Partial Differential Equations (Ferrara, 1999), Ann. Univ. Ferrara Sez. VII (N.S.) 45 
(1999), suppl., 187-195. 

[8] Olver, P. J. 1986 Application of Lie groups to differential equations, GTM 107, 
Springer, New York. 

[9] Ovsiannikov, L. 1982 Group analysis of differential equations, Academic Press, London. 

[10] Pohozaev, S. I., Veron, L. 2000 Nonexistence results of solutions of semilinear dif- 
ferential inequalities on the Heisenberg group, Manuscripta Math. 102, 85-99. 



7 



